The in stab ility of an infinite sw ept a tta c h m e n t line boundary layer is considered in th e linear regime. The basic three-dim ensional flow is shown to be susceptible to travelling wave disturbances th a t p ropagate along th e a tta c h m e n t line. The effect of suction on the instab ility is discussed and the results suggest th a t th e a tta c h m e n t line b oundary layer on a sw ept wing can be significantly stabilized by extrem ely small am ounts of suction. The results o btained are in excellent agreem ent w ith the available experim ental observations.
(Communicated by J . T. Stuart, F.R.S. -Received 18 January 1984) The in stab ility of an infinite sw ept a tta c h m e n t line boundary layer is considered in th e linear regime. The basic three-dim ensional flow is shown to be susceptible to travelling wave disturbances th a t p ropagate along th e a tta c h m e n t line. The effect of suction on the instab ility is discussed and the results suggest th a t th e a tta c h m e n t line b oundary layer on a sw ept wing can be significantly stabilized by extrem ely small am ounts of suction. The results o btained are in excellent agreem ent w ith the available experim ental observations.
I n t r o d u c t io n
The lam inar boundary layer th a t form s on a long cylinder whose axis is inclined relative to th e oncom ing flow is know n to ex h ib it in stab ility to small am plitude disturbances a t large R eynolds num bers. D epending on th e flow conditions, these disturbances m ay tak e the form of Tollm ien-Schlichting waves, statio n ary crossflow vortices or, if the surface has regions of concave curvature, T ay lo r-G o rtler vortices. In general, as th e R eynolds num ber is increased, th e in stab ility occurs first in th e regions of adverse pressure g rad ien t on th e lee side of th e cylinder. F u rth e r increases in R eynolds num ber cause th e location of th e in stab ility to move progressively forw ard tow ards the atta c h m e n t line. I t follows th a t th e R eynolds num ber a t which th e a tta c h m e n t line flow exhibits an in stab ility to small am plitude disturbances represents a lim it beyond which th e flow over the cylinder is unstable everyw here.
The m otivation for studying the flow over inclined cylinders lies in th e fact th a t th e results find direct application in situ atio n s of engineering significance, no tab ly to th e flow over high aspect ratio sw ept back wings. In recent years the a ttem p ted developm ent of lam inar flow wings has resulted in renewed in terest in the in stab ility m echanism s th a t can affect a three-dim ensional lam inar boundary layer. F or conventional wings operating a t ty pical long-range cruise conditions a lam inar boundary layer would be unstable over a large proportion of the surface area and, consequently, wholly lam inar flow cannot be m aintained w ith o u t the use of some form of artificial stab ility au gm entation. The m ost convenient form of [ 
]
P. H all, M. R. Malik and D. A. Poll stabilization is th a t provided by d istrib u ted surface suction. Surface suction affects th e boundary layer in tw o ways. F irst, th e viscous layer is th in n ed w ith a corresponding reduction in local R eynolds num ber. Second, and more im p o rtan tly , th e v o rticity distrib u tio n w ithin the b o u n d ary layer is modified in such a w ay th a t a m ore stable flow is established. The com bination of these sep arate effects m akes surface suction a p articu larly efficient stabilization m echanism w ith tra n sp ira tio n velocities of order 0.1 % of th e velocity a t th e edge of th e b o u n d ary layer being sufficient to m aintain aerofoil bo u n d ary layers in th e lam in ar state. Therefore, an investigation of th e stab ility characteristics of th e a tta c h m e n t line bo u n d ary layer w ith and w ith o u t surface tran sp ira tio n co n stitu tes a problem of considerable p ractical im portance. The significance of th e a tta c h m e n t line w ith respect to lam in ar flow control has been recognized for m any years (see Pfenninger 1977) . The previous w ork on th is problem has been alm ost wholly experim ental though, following G regory et al. (1955) , there have been m any th eoretical investigations of cross-flow instabilities th a t are im p o rtan t outside th e a tta c h m e n t region. The sm all am p litu d e stab ility problem was first considered by G aster (1967) who intro d u ced controlled acoustic disturbances into th e a tta c h m e n t line flow form ed upon a faired circular cylinder model. F rom his m easurem ents he concluded th a t th e sw ept a tta c h m e n t line b oundary layer was stable to small am p litu d e disturbances for m om entum thickness Reynolds num bers up to a t least 170. In a la ter investigation C um psty & H ead (1969) reported th a t no in stab ility was observed for a m om entum thickness Reynolds num ber Re up to 240. The first experim ental investigation to d etect am plified a tta c h m e n t line disturbances was conducted by Pfenninger & Bacon (1969) . Their te st configuration consisted of a 45° sw ept back wing w ith a blunt-nosed aerofoil section which also had provision for surface suction th ro u g h closely spaced slots. The results of th is experim ent will be discussed in d ep th la ter in this paper. More recently, an investigation of th e stab ility ch aracteristics of th e a tta c h m e n t line flow on a sw ept cylinder has been done by Poll (1979 Poll ( , 1980 . In these tests, which were sim ilar in some respects to those conducted by Pfenninger & Bacon, am plified disturbances were observed and recorded. B y com bining th e results of all th e available experim ental d a ta including th e little know n w ork of Carlson (1966) , Poll argued th a t the upper lim it for th e stab ility o f th e lam inar sw ept a tta c h m e n t line boundary-layer flow occurs a t a m om entum thickness Reynolds num ber of app ro x im ately 230.
In this paper we investigate th e in stab ility of a three-dim ensional bou n d ary layer which is directly relev an t to th e experim ental configurations of Pfenninger. Bacon and Poll. The relevance of th e flow will be im m ediately obvious when we describe it b u t we postpone un til th e last section a more detailed discussion of th e relation betw een th e experim ental situ atio n an d our idealized model.
We consider the flow ad jacen t to th e infinite flat plate defined by = 0 w ith respect to C artesian coordinates (x,y,z) w ith th e x and z axes lying in th e plate. The velocity com ponents in th e x and z directions are zero a t th e plate and approach the values U0x/l an d W0 respectively w hen ->• 00. The norm al velocity com ponent takes on th e co n stan t value V0 a t th e wall and grows linearly w ith y when y^-cc. The im p o rtan t sim plifying feature of this flow is th a t it corresponds to an exact solution of th e N avier-S tokes equations so th a t it is n o t necessary for us to m ake th e boundary-layer app ro x im atio n when deriving the basic flow. T hus it is sensible for us to discuss th e stab ility of th e flow a t finite R eynolds num ber and th e concept of a critical R eynolds num ber is tenable. This is in co n trast to th e situ atio n w ith Blasius flow where a self-consistent p ertu rb a tio n investigation of th e linear stab ility problem does n o t lead to a critical R eynolds num ber. T h a t problem has been discussed by S m ith (1979) and by B odonyi & S m ith (1981).
The basic flow described above is susceptible to centrifugal instabilities because of th e cu rv atu re of th e stream lines in th e x-y plane. In p articu la r when = 0 th e plane stag n atio n -p o in t stab ility equations of H am m erlin ( 1955) are recovered w hen a disturbance periodic in 2 is im posed on th e flow. H am m erlin showed th a t a continuous spectrum of n eu trally stable w avenum bers exists for these equations. The eigenfunctions corresponding to these modes decay algebraically w ith y b u t it is y e t to be shown th a t th ey are physically relev an t in a more realistic situ atio n where th ey m ust be m atched onto a d isturbance outside th e a tta c h m e n t region. There also exists a discrete spectrum of dam ped eigenvalues w ith eigenfunctions th a t decay exponentially when y-> 00 and it is th is ty p e we will concentrate our a tte n tio n here.
I f Wq is non-zero th e spanwise velocity com ponent is susceptible to T ollm ienSchlichting waves b u t we show th a t th ere is no ratio n al ap proxim ation th a t leads to th e O rr-Som m erfeld eigenvalue problem . In ste a d we find th a t th e ap p ro p riate eigenrelation is of sixth order in y an d reduces to th a t o btained by H am m erlin in th e lim it
The num erical solution of th e eigenvalue problem is non trivial because of the rapidly varying n atu re of th e eigenfunctions, an d tw o independent schemes were used in our calculations. The m ost efficient scheme was a fo u rth-order com pact finite-difference m ethod based on th a t described by Malik et al. (1982) . In addition, th e R iccati m ethod was also used to provide a check on th e eigenvalues obtained from th e finite-difference m ethod.
O ur calculations showed th a t a t a critical value of WQ th e atta c h m e n t line b o undary layer is unstab le to discrete Tollm ien-Schlichting instabilities. M oreover, these modes are connected to th e discrete modes of th e plane stag n atio n p o int stab ility problem found by W ilson & Gladwell (1978) so th a t we have an additional check on th e num erical work. The eigenfunctions associated w ith th e discrete spectrum change from typical T ay lo r-G o rtler ty p e a t small values of W0 to Tollm ien-Schlichting ty p e when in stab ility occurs.
The results th a t we o b tain for th e basic flow described previously can be applied to th e experim ents of Pfenninger & Bacon (1969) and Poll (1979 Poll ( , 1980 . We shall com pare our predicted frequencies w ith those given by these au thors. There seems to be little d o u b t th a t th e in stab ility m echanism th a t we investigate is responsible for th a t found experim entally.
The procedure ad op ted in th e rest o f this pap er is as follows: in §2 we derive th e basic flow and form ulate th e eigenvalue problem governing th e stab ility of this flow to spanw ise periodic disturbances. In §3 we discuss th e b o undary conditions a t infinity which m ust be im posed before the eigenvalue problem can be solved. In §4 we discuss th e num erical w ork required to calculate th e basic flow and solve th e eigenvalue problem . In §5 we discuss the asym ptotic lim it of large suction while in §6 we discuss th e relevance of our results to experim ental observations.
The basic flow and the disturbance equation
We consider the flow of a viscous incom pressible fluid o f kinem atic viscosity v ad jacen t to a flat plate defined by y = 0 w ith respect t system (x,y,z) . The y -a xis is ta k en to be norm al to th e wa solution of th e N avier-S to k es eq u atio n s which satisfies th e conditions ( 2. 1)
where / is a length scale in th e x direction while U0, V0 an d W0 are in d ep en d en t velocity scales. We define th e p aram eters an d k by
Thus, A is th e thickness of th e b o u n d ary layer associated w ith th e flow in th e x-y plane. I t is know n th a t th ere exists an ex act solution of th e N av ier-S to k es equations corresponding to (2 .1). The velocity field of th is ex act solution can be w ritten
We note th a t th e solution of th e above system has
where th e displacem ent 8(k) is, of course, a function of k . We fu rth er n o te th a t if k > 0 , then w" will necessarily vanish a t some values of y so th a t if and v are, in some sense, negligible in th e stab ility calculation we expect inflection p o in t instabilities to occur. We restric t our a tte n tio n to th e linear stab ility of th e flow (2.3) to d isturbances periodic in th e z-direction w ith w avelengths 2nA/cL. We shall ta k e a to be real and look for th e corresponding com plex frequency associated w ith a for each value of Re and k.We p ertu rb th e flow (2.3) by w riting
. I t will also be useful to w ork the quantities w, A given by
The pressure p ertu rb a tio n corresponding to (U, W) is Wl PE and U, V, W and P a re functions of th e non-dim ensional variable rj defined by (2.4). The ^-dependence of th e disturbance, which we have assum ed corresponds to th a t used by H am m erlin (1955), enables us to find a solution of the linear stab ility equations by solving o rdinary differential equations. Such a sim plification does n o t happen in more general boundary-lay er centrifugal in stab ility problem s and a self-consistent linear stab ility analysis leads to a p artial differential system (see H all 1983). I t is a routine m a tte r to su b stitu te th e d istu rb ed flow velocity and pressure fields into the N avier-S tokes equations and linearize in U, V, W to o b ta in :
The pressure p e rtu rb a tio n P an d th e 2 com ponent of velocity W can be elim inated from (2.8) to give th e following p air of coupled equations to determ ine U and V ;
H ere th e o p erator M is defined by
and we see th a t (2.9) w ith Re -0 reduce to th e usual equ stab ility of stag n atio n p o in t flow to T ay lo r-G o rtler instabilities. A lternatively by setting u = v = 0 in (2.96) we o b tain th e O rr-Som m erfeld equation for H owever, it is clear th a t th ere is no ratio n al app ro x im atio n to (2.9) th a t decouples th e equations to produce th e la tte r sim plification. Before discussing the num erical solution of (2.9 ) we m ust derive th e ap p ro p riate form of the disturbance for 1, th is will enable us to generate bo u n d ary conditions a t = 1.
Boundary layer stability 3. T he boundary conditions to be imposed at 00 and the CONTINUOUS SPECTRUM Suppose n ex t th a t we let in (2.9) and replace u,v,w by th eir asym ptotic expansions for r j1 to ob tain
where A is given by (2 .7). I f we look for asym ptotic solutions of (3.1) w ith U and V having an algebraic dependence on {tj -8) we o b tain the two independent solutions
where y' = y -8. In addition, th ere exist th e following th ree in d ep en d en t ex p o nentially decaying so lu tio n s:
Suppose th a t A is constrained to lie in th e h alf plane Ar < -2 -a 2 and we im pose th e condition U,V,W-> 0 w hen y^a o . We see th a t t solutions of (2.9) which have th is p ro p erty an d th ey correspond to th e asy m p to tic form s (u)-(e). E ach of these solutions can be m ultiplied by an a rb itra ry co n stan t a a, ...,oce, and th e solutions m ust th en be com bined so as to satisfy
T hus for each Ar < -2 -a 2 th ere are tw o independent eigenfunctions corresponding to say, a a = 0 and a b = 0 . W e refer to these eigenfunctions as th e B an d A eigenfunctions respectively. W e fu rth er note th a t th e pressure p e rtu rb a tio n corresponding to these eigenfunctions also ten d s to zero w hen oo. Suppose n ex t th a t Ar is constrained to be in th e in terv al -2 -a 2 < Ar < 1 -a 2 so th a t (a) no longer gives algebraic decay for U w hen H ow ever, th e asym ptotic form ( b) still corresponds to algebraic decay of th e distu rb 7j-> oo so th a t there exists one eigenfunction (i.e. th e B eigenfunction) corresponding to each A in this strip. In p articu lar, if we set A = 0 , = 0 , we o b tain th e continuous spectrum 0 < c l < 1 which was discussed by H am m erl The eigenfunctions of th e continuous spectra discussed above have th e p ro p erty th a t th e velocity fields ten d to zero algebraically when -> 00. I f th is condition is replaced by one which requires th a t U, V, W should te n d to zero exponentially w hen y-> 00, then only (c),(d) an d (e) can be used to generate independent solutions of (2.9). In this case th e th ree independent solutions of (2.9) m u st be com bined to satisfy (3.2 ) and th en only a discrete spectrum will exist. This possibility was investigated by W ilson & G lad well (1978) who considered th e plane stag n atio n p oint problem Re = 0. T h a t case is discussed by H am m erlin (1955), an & Gladwell found a dam ped discrete spectrum corresponding to disturbances th a t decay exponentially when y^-co. I t was suggested by the la tte r au th o rs th a t th e continuous spectrum is n o t physically relev an t for th e reasons we discuss below.
Suppose th a t th e basic flow we are considering is th e local flow n ear th e a tta c h m e n t line on, say, an infinitely long sw ept cylinder. The disturbances we are calculating m ust then be m atched w ith a d istu rb ed flow in th e ap p ro p riate ' o u ter region ' unless they decay exponentially when y-*cc, in which case th e d isturbed flow is confined to th e b o undary layer. T hus th e physical relevance of th e continuous spectrum in this more realistic flow is n o t know n un til th e d isturbance flow field in the 'outer reg io n ' has been found. I t seems th a t, as yet, th e la tte r stru ctu re has n o t been determ ined so th a t th e relevance of the continuous spectrum rem ains an open question. W ilson & Gladwell argue th a t th e algebraic decay of the continuous spectrum eigenfunctions will lead to inconsistencies in th e m atching procedure betw een the inner and o u ter region. This is indeed possible b u t perhaps a more likely outcom e is th a t only the unstable p a rt of th e continuous spectrum would be ruled o u t by such a procedure. W ith o u t solving th e o uter problem the above argum ents are m erely speculative b u t it is clear th a t the exponential decay of th e discrete spectrum rem oves an y d o u b t ab o u t its relevance to more realistic flows. F or th a t reason we shall confine our a tte n tio n to the discrete spectrum b u t we m ust bear in m ind th a t th e continuous spectrum m ay play an im p o rtan t role in th e linear stab ility problem under investigation. Indeed, M. D h an ak & J . T. S tu a rt (personal com m unication 1984) who investigated th e problem w ith Re = 0, argue th a t even some of the algebraically growing solutions of (2 .9 ) are physically relevant. H ow ever, th e close agreem ent betw een experim ental observations and our results suggests th a t th e discrete modes w ith exponential decay a t infinity d om inate th e boundary -lay er stab ility characteristics on a sw ept cylinder. Finally, we note th a t if U and V are to decay exponentially w hen then for sufficiently large values of tj, U~ e-^2, V ~ e-a,?. T hus the norm al velocity com decays to zero more slowly th a n U.
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T he n u m e r ic a l w ork
The first step in th e calculations was to in teg rate (2.5) by a shooting m ethod by guessing an initial value for v"(0) and iteratin g u n til v'(oo)
1. The results o b tained were in excellent agreem ent w ith those given by R osenhead (1963) .
The linear stab ility equations (2.9) were th en in teg rated subject to (3 .2 ) to gether w ith th e condition th a t (U, V, W) should ten d exponentially to zero w hen rj^co. The first m ethod used was a shooting procedure which though able to reproduce W ilson & G ladw ell's results a t Re -0 w ith o u t m uch difficult p rohibitively expensive a t higher values of th e R eynolds num ber where in stab ility is possible. F o r th a t reason th e following independent schemes were im plem ented.
{a) The Riccati transform method
A detailed account of th is m ethod can be found in, for exam ple, Aziz ( 1973 Aziz ( ), S cott (1973 Aziz ( ), D avey ( 1977 or Sloan (1977) . D avey (1977) has com pared th e efficiency of the m ethod w ith an orthonorm alization m ethod for O rr-Som m erfeld equations, while W ilson & Gladwell (1978) used th e m ethod for th e plane stag n atio n point problem .
The im plem entation of th e R iccati m ethod for a system such as (2.9) was described in detail by W ilson & Gladwell (1978) so we give none of the details here. The essential idea is to convert (2.9) into a n in th -o rd er differential system which can be solved by R u n g e -K u tta integ ratio n w ith o u t any of th e problem s associated w ith a direct solution o f (2.9). However, it was found th a t even for m oderate R eynolds num bers, several hundred in teg ratio n steps were still needed to find the eigenvalues w ith sufficient accuracy.
(b) A compact fourth-order finite-difference scheme
The scheme we now describe was proposed by Malik et at. (1982) and is derived by m eans of th e E uler-M aclaurin fo rm u la:
where Wk = ^(i/*.) and hk
The nodes are d istrib u ted to resolve singular layers so th a t
Vk = L ( k -l ) / [ N g -( k -l ) ] , 1,2,..., 1, (4.2)
where N + i is the to ta l n u m b er of nodes, g = (t/^ + L)/?/^, th e location o f th boundary-layer edge, and L a scaling p aram eter. We chose L to be twice th e height (from the wall) of the nodal p o in t a t which th e non-dim ensional m ean velocity w assum es th e value 0.5. I t was found th a t for a given n um ber o f points, th is choice of L in th e grid distrib u tio n function (4.2), yielded m axim um accuracy.
To apply th e above com pact difference scheme to (2.9a, it is necessary to w rite them as a set of first-order differential equations. T hey are rew ritten as where i f = [Ak, B k, Ck] . Assum ing an estim ate of th e eigenvalue is available, we solve (4.14) directly. To avoid th e triv ial solution, inhom ogeneous b oundary conditions are imposed a t the wall. Specifically, the bo u n d ary condition ^1(0 ) = 0 is replaced by 0 3(O) = 1. This is equivalent to norm alizing th e eigensolution by the value of d 2F /d ?/2 a t th e wall. The system (4.14) is inhom ogeneous an d th e non triv ial solution is obtain ed by using block LU factorization. N ew to n 's m ethod is th en used to ite ra te on th e eigenvalue such th a t th e rem aining b o u n d ary condition ^(O ) = 0 is satisfied.
To generate a n eu tral curve The process is repeated u n til 0 1(O) vanishes w ithin preassigned tolerances. We see th a t (4.14), (4.16) an d (4.17) can be solved w ith th e sam e LU factorizations and both th e eigenvalue an d eigenfunction are obtained.
The tw o schemes described above were first used to calculate th e eigenvalues of (2.9) w ith Re = 0. The results o btained were found to be consistent w given by W ilson & Gladwell (1978) . A t higher values of Re where in stab ility is possible, the R iccati m ethod gave consistent results provided th a t enough grid points were used. F o r R eynolds num bers less th a n ca. 1000 it was found necessary to use a t least five hu n d red steps (w ith = 10) to o b tain a n eu tral eigenvalue correct to four significant figures. In tab le 1 we have illu strated th e convergence of th e finite difference scheme in th is region. The convergence of th e la tte r scheme is significantly faster th a n th a t of th e R iccati m ethod and th e n eu tra l values of a, cr correct to four significant figures can be obtained w ith only forty-one grid points. Moreover, it was found th a t th e iteratio n to an eigenvalue w ith th e R iccati m ethod was m uch more sensitive to the initial guess for th e eigenvalue th a n was th e case w ith th e finite difference scheme. In view of th e fact th a t th e eigenfunctions can n o t be calculated directly by using th e R iccati m ethod because of num erical instabilities it was decided to use th e finite difference scheme to generate the n eu tral curves and use the R iccati m ethod to check selected eigenvalues.
In figure 1 we have shown th e n eu tral w avenum ber and frequency o) = acr as functions of th e Reynolds num ber Re for k = 0 .8 ,0 .4 ,0 , -0 .1. The critical values corresponding to th e zero suction case k = 0 are Re = 5 8 3 .1 , a = 0.288, acr = 0.111. Re Figure 1. (a) The neutral curves in the a-Re plane for diff curves in the acr-Re plane for different values of I t is of interest to com pare th e results of our calculations w ith those of Poll (1978) who solved th e Orr-Som m erfeld ap proxim ation to (2.9) obtained by setting u = v = 0 . There is no ratio n al justification for m aking such an approxim ation and a com parison w ith our results an d those of Poll (1978) gives an error typically of order 15-20% for n eu tral disturbances. The error increases significantly for non-neutral disturbances.
Boundary layer stability
I t is clear from figure 1 th a t suction an d blowing have stabilizing and destabilizing effects on th e flow respectively. The shape of the n eu tral curves for k < 0 is typical of viscous instabilities of flows w ith o u t inflection points, w hereas th e open n eu tral curves for k >0 are to be expected since w has in this case. I t should be noted th a t, although (2.9) is n o t the O rr-Som m erfeld equation, th e inviscid lim it of (2.9) is the R ayleigh equation so th a t in th e absence of an inflection point th e flow is stable a t infinite R eynolds num bers.
In figure 2 we have shown some of th e eigenfunctions corresponding to the n eu tral curves of figure 1. The eigenfunctions have been norm alized in each case such th a t th e m axim um m agnitude of each velocity com ponent is u nity. I t can be seen th a t th e x-velocity com ponent goes to zero more quickly th a n the oth er tw o com ponents. This is, of course, to be expected since we have shown earlier th a t for large r/,U ~ e-^2, while th e o ther velocity com ponents go to zero like e~av. We also notice th a t for th e cases w ith k >0 the eigenfunctions fu rth er aw ay from th e wall th a n is th e case w ith < 0 .
In figure 3 , we have p lo tted th e critical R eynolds num bers corresponding to k = 0 .8 ,0 .4 ,0 , -0.1, -0.15, -0.2. We note th a t F0/JT0 = K/Re so th a t th e signifi can t rise in th e critical R eynolds num ber corresponding to = -0.1 corresponds to Vq/Wq ~ -10-4 which is well w ithin the range of practical feasibility. Figure 3 suggests th a t th e critical R eynolds num ber can be m ade arb itrarily large by tak in gk 1. To determ ine w hether this is th e case we shall in the n ex t section consider th e stru ctu re of the n eu tral curve in the lim it k^-co. 
T h e l a r g e s u c t io n l im it k^-oo
We first consider the lim iting form of th e solution of (2.5) when * -> -oo. F or rj ~ 0(1), it is easily shown th a t the asym ptotic form of v is
(5.16) I t follows from th e 2 m om entum eq u atio n th a t w th e n approaches u n ity on th e length scale |*j_1 so th a t if we w rite The above rescaling is suggested by th e fact th a t th e ap p ro p riate length scale for the in stab ility is now v/V0 and n o t A. I t now rem ains for us to rew rite (2.9) in term s of £ and expand U, V in th e form
where U0, Vx, etc. are functions only of £. I t is th en a ro u tin e m a tte r to su b stitu te th e above expansions into (2.9) and determ ine U0, V0, etc. We find th a t V0 satisfied th e equation Hence, we see th a t in th e lim it of large suction (2.9) simplifies to th e modified O rr-Som m erfeld equation for th e asy m p to tic suction profile, and th e critical value of Re is given asym ptotically by R e~ 54, 370 The m assive stabilizing effect of suction suggested by figure 3 is therefore n o t surprising. I t follows from (5.6) th a t Re can be m ade arb itrarily large by tak in g the lim it k^-co b u t th a t instab ility then alw ays occurs w hen = 1/54370 and is confined to a layer of thickness (v/V0) a t th e wall.
D is c u s s io n
We have shown th a t th e a tta c h m e n t line boundary-layer flow (2.3) is susceptible to travelling-w ave instabilities th a t p ropagate along th e atta c h m e n t line. These disturbances decay exponentially a t the edge of th e b oundary layer, and a t zero R eynolds num ber correspond to th e eigenvalues of the plane stag n atio n -p o in t stab ility problem found by W ilson & Glad well (1979) . The exponential decay of th e eigenfunctions ensures th a t in more realistic situations there will be no difficulty m atching the solutions onto the ap p ro p riate outer flow field. We now tu rn to th e relevance of our w ork to th e available experim ental results which correspond to th e flows around sw ept flat-nosed wings and circular cylinders. Before doing so, it is of course necessary to indicate th e relevance of our basic flow to these configurations. A discussion of th e boundary-layer flow on an infinitely long sw ept cylinder is given in ch ap ter V II of R osenhead (1963) and is based on th e w ork of S ch u b art (1945, unpublished) , and Sears ( 1948) .
The procedure is essentially identical to th a t ap p ro p riate to th e tw o-dim ensional case and outside th e bo u n d ary layer the basic flow is expanded in th e form
In th e boundary layer th e velocity com ponents are expanded in powers of x/l and th e first-order flow is ex actly th a t described in §2 . Thus, sufficiently close to th e a tta c h m e n t line, th e basic flow which we have calculated in §2 gives a good approxim ation to th e a tta c h m e n t line b o undary layer on a sw ept cylinder. The range of validity of our th eo ry will therefore depend on the cross sectional shape of th e cylinder and th e R eynolds num ber. Thus, w ith o u t being specific ab o u t th e geom etry of th e cylinder u nder investigation we can n o t be more precise ab o u t th e error we have m ade by ignoring cu rv atu re effects. However, it is clear th a t the error will increase as th e radius of cu rv atu re of th e leading edge is decreased. The experim ental investigations m ost relev ant to th e p resent work are due to G aster (1967), Pfenninger & Bacon (1969) and Poll (1979 Poll ( , 1980 . The first two investigations were concerned w ith th e a tta c h m e n t lines on sw ept wings while Poll perform ed experim ents on a sw ept circular cylinder. However, th e wing section used by Pfenninger & B acon had a flat nose so it is likely th a t our theoretical work is m ost relevant to th eir experim ents. I t is well know n th a t th e a tta c h m e n t line is tu rb u le n t w hen large-am plitude disturbances are present. These large-am plitude disturbances convected into th e a tta c h m e n t line can be prevented by various m eans so th a t th e linear critical R eynolds num ber alm ost certainly gives an upper lim it to th e lam inar flow regime. G aster found th a t the atta c h m e n t line boundary layer is stable up to Re ~ 420, th e m axim um value of th e R eynolds num ber th a t could be achieved experim entally. Pfenninger & Bacon (1969) and Poll (1979 Poll ( , 1980 m easured equilibrium fre quencies of n atu ra lly occurring sm all disturbances a t various values of the R eynolds num ber. We have indicated these experim ental results in figure 4 where we have also shown th e n eu tral curves w ith o u t suction. The experim ental points lie close to the lower branch of the n eu tral curve and the critical R eynolds num ber is close to th e m inim um R eynolds num ber a t which Pfenninger & Bacon m easured O Pfenninger & Bacon (1969) □ Poll (1979 Poll ( ,1980 sm all am plitude equilibrium disturbances. I t can be seen in figure 7 of Pfenninger & Bacon (1969) th a t by introducing large am p litu d e d istu rb an ces into th e boundary layer by m eans of trip wires it is possible to induce equilibrium disturbances a t significantly lower values of th e R eynolds num ber. The la tte r au th o rs also give experim ental p oints in th e presence of suction b u t it is n o t clear from th e results given w hether th e flow was stabilized or destabilized by th e suction. The am o u n t of suction used experim entally is n o t given by P fenninger & Bacon b u t, in view of th e results shown in figure 3 of this paper, we assum e th a t it was extrem ely small. I t seems likely th a t the in stab ility m echanism we have discussed is responsible for th e disturbances m easured experim entally. Some fu rth er evidence for the relevance of our model is provided by figure 5 which is tak en from Poll (1980) . Poll used tw o hot wires a t th e same spanwise location b u t different chordwise locations to m easure the tim e history of th e spanwise disturbance velocity com ponent. The figure suggests th a t th e in stab ility is indeed tw o-dim ensional and takes the form of a tim e-harm onic disturbance p ropagating along th e atta c h m e n t line. F inally we close by m aking a few com m ents ab o u t th e extension of our analysis to include th e effect of nonlinearity. Surprisingly, th e disturbance stru ctu re (2.6) can still be retained and enables us to tak e o u t th e x-dependence of th e problem even in th e nonlinear regime. Thus it is possible in principle to calculate th e w eakly nonlinear developm ent of th e disturbances considered in this paper. Such a calculation m ight explain th e origin of th e subcritical equilibrium disturbances m easured by Pfenninger & Bacon (1969) . R esearch was supported by th e N ational A eronautics and Space A dm inistration u n der NASA C ontract No. N A S I-17070 while th e first au th o r was in residence a t th e In s titu te for C om puter A pplications in Science and Engineering, NASA Langley R esearch Center, H am p to n , VA 23665. The second au th o r was supported by NAS1-16916 while th e th ird a u th o r was su pported by NAS1-14605.
